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ABSTRACT
This paper describes an analysis performed to determine the
properties of the motion of a small body in the vicinity of the stable
libration points of the earth-mocn system. On the basis of a firstorder analysis of the equations of motion of the restricted three-body
problem, an explicit solution is obtained for the position and velocity
components of the motion as a function of the initial conditions. The
results of the explicit solution lead to a rather complete determina
tion of the properties of the motion as a function of the initial con
ditions, including: the position in orbit and the velocity components
as a function of time, the properties of the component elliptical
motions which comprise the resultant motion, the existence of periodic
elliptical orbits through proper choice of initial conditions, and the
limits of the motion. The analytical results are compared with results
obtained by numerical integration of the equations of motion on a high
speed digital computer; the comparisons are good even for rather large
excursions from the stable libration points.
Suggestions are given for possible scientific experiments which
might be performed with use of artificial satellites established in
orbit about the stable libration points. With respect to establishment
of such satellites, consideration is given to trajectory optimization,
guidance and control factors, and a dispersion analysis.
Consideration is given to the perturbing effects, on the motion
about the libraticn points, of factors which are not included in the
restricted three-body problem, particularly to the effects of the
eccentricity of the lunar orbit and the perturbation of thr. soi-r gravi
tational field. The former is found to be relatively unimportant, and
the latter does not affect the stability of the motion within a reason
ably long time period.
Finally, with respect to a recent report by Dr* K. Kordylewski of
the Cracow Observatory of observations of cloud-like natural satellites
in the vicinity of the trailing stable libration point of the earthmoon system, several possible mechanisms are considered. One such
mechanism, which leads to a greater than average particle density in
the vicinity of the libration points, is suggested as a possible explana
tion for the observations.
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CONSIDERATIONS OF THE MOTION OF A SMALL BODY IN THE V l C H t m
OF THE STABLE LIBRATION POINTS OF THE EARTH-MOON SYSTEM

INTRODUCTION
The Problem of Three Bodies, a classical problem of celestial
mechanics, has continued to receive the attention of mathematicians and
astronomers since the time of Newton. In the most general case, this
problem treats the relative motion of three masses subject to their
mutual gravitational attraction.

In less general form, it treats the

relative motion of a body of small, or negligible, mass subject to the
gravitational attraction of two bodies of finite mss.

The earliest

applications of this problem were in the Initial formulations of the
lunar theory.

In recent years the problem has been widely applied in

orbit and trajectory calculations relative to lunar and planetary
exploration.
Ho complete analytical solution to the problem of three bodies has
ever been found.
in 1772.

The first particular solutions were found by Lagrange

Lagrange considered the case of three finite masses and deter

mined configurations of the three bodies which, with proper initial
conditions, satisfy the equations of motion.
of Lagrange are of two classes:

The particular solutions

solutions in which the three bodies occupy

the vertices of an equilateral triangle, and solutions in which the bodies
lie along a straight line.

These particular solutions involving three

finite masses are of general interest, but they include solutions of a
more restricted problem which is of greater practical interest.

2
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The so-called restricted three-body problem treats the relative
motion of a body of negligible mass subject to the gravitational attrac
tion of two finite point masses which are assumed to revolve in circles
about their common center of mass with uniform angular velocity.

This

problem has been treated by Laplace, Jacobi, Hill, Darwin, Foincard, and
others.

Although the exact situation corresponding to the given assump

tions is not found in nature, there are a few natural configurations which
are sufficiently close to the assumed situation to make this problem of
great practical interest.

The motion of a small body relative to the

sun and Jupiter, relative to the earth and moon, and to a lesser extent,
the motion of the moon relative to the earth and sun are specific examples.
Treatment of such problems through the use of the (restricted) threebody problem, even in view of the approximations involved, is often suf
ficient to demonstrate the fundamental, and in some cases the particular,
properties of the motion#
The particular solutions obtained by Lagrange for the motion of
three finite masses correspond also to particular solution© of the
restricted three-body problem.

There are five particular positions rela

tive to the two finite masses such that a small body placed at these
positions with the proper initial conditions will remain there indefinitely
unless acted upon by forces exterior to the system under consideration.
These positions are called libration points and all five are located in
the plane of motion of the two finite bodies.

Three are located along

the line joining the two finite masses and two are located such that the
two finite masses and the libration points fora equilateral triangles.
The three colinear libration points are unstable, in the sense that an

k

infinitesimal body initially displaced a small amount from one of the
points would generally depart to a comparatively large distance.

On

the other hand, the equilateral triangle libration points are stable
under certain conditions of ratios of the primary to the secondary
masses, in the sense that an infinitesimal body initially displaced a
small amount from one of the points would tend to return toward the
point and remain in the neighborhood of the point.

A review of the

stability criterion for the equilateral triangle solutions will be
given in a subsequent section.

Discussions of the libration points of

the restricted three-body problem are contained in several texts on
celestial mechanics, particularly in those of Moulton and Plummer,
references 1 and 2 .
It turns out that the mass ratios of the earth-moon system and of
the Sun-Jupiter system satisfy the criterion for stable motion of a small
body relative to the equilateral triangle libration points of these sys
tems.

With respect to the Sun-Jupiter system, nature lias provided a

remarkable example of this stability in the existance of a gro~p of
asteroids situated in the neighborhood of the stable libration points
and in motion about these points. The first of these asteroid© was
discovered in 1906, more than a century after the theory was developed
by Lagrange. Thirteen such asteroids have been discovered thus far,
eight of which are in motion about the libration point which precedes
Jupiter and five about that which follows. These asteroids have been
given names taken from the Iliad of Homer, and as a consequence of this
are referred to as the Trojan group of asteroids. Ephemerides have been
developed for several of these asteroids which allow the prediction of
their positions within a few seconds of arc.
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With respect to the earth-moon system, a very recent report of the
discovery of two (cloud-like) satellites in the vicinity of the trailing
stable libration point has been ma.de by 1C. Kordylewski of the Cracow
Observatory.
and

Some details of this discovery are reported in references 3

These cloud-like objects, or luminous patches, are quite faint,

a magnitude or two fainter than the central part of the gegenschein, but
are reported to be visible with the unaided eye under extremely favorable
circumstances.

Photographs of the objects were obtained by Kordylewski

on two occasions in the spring of 1961.

This is the only known report

of sightings of objects orbiting about the libration points of the
earth-moon system.

Several observatories, and the Smithsonian Astrophy8ical

Observatory Baker-Nunn tracking camera network sure making plans to con
duct observations at appropriate times.

These recent developments pro

vide an impetus for theoretical studies of the motion of a small body in
the vicinity of the stable libration points of the earth-moon system.
Independently of the existence of natural satellites at the libration
points, there is the definite possibility of establishing artificial
satellites in these regions.

The problem is in several aspects similar

to that of establishing a satellite about the moon.

In both problems

sufficient velocity must be supplied to project a vehicle to the desired
position relative to the libration point or the moon, then a retro-rocket
(or deceleration force) must be used to reduce the velocity of the vehicle
to a value below that of the effective escape velocity in order to effect
capture.

The velocities and accuracies required to perform such an opera

tion In the case of a lunar satellite have been determined and have been
discussed In some detail in the recent literature (see for instance,
reference 5)•

It is of some interest to determine accuracy requirements
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for tlie establishment of a satellite about the stable libration points,
in conjunction -with a discussion of those properties of the motion which
are determinable.
The question arises as to the practical application of the establish
ment of an artificial satellite in the vicinity of the stable libration
points of the earth-moon system.

In reference 6 it is suggested that

observation of the motion of such a satellite, particularly the deter
mination of the periodicities of the motion, could result in a more
accurate determination of the earth-moon mass ratio.

The basis of this

suggestion is that, in the absence of perturbations external to the
earth-moon system, the periodicities are a function only of the mass
ratio.

A recent popular article by I. M. Levitt suggested that satel

lites at the libration points could be used as nay stations for deep
space exploration, for storage of fuel or other supplies, or for earth
reconnaissance.
The suggestion is offered here that a satellite about the stable
libration points might be used as a solar or cosmic radiation monitor.
Such a monitor could supply significant information, in conjunction with
earth-based or earth satellite measurements, regarding the velocity,
directionality, and Intensity of the various incident radiation components
in the vicinity of the earth-moon system.

Such Information, and other

scientific instrumentation, could provide additional knowledge on the
nature of solar flares, magnetic and electric fields in space, dust and
micrometecroid population, and the earth’s magnetic field.

The primary consideration of the present analysis is the determina
tion of the properties of the motion of a (captured) small body in the
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near vicinity of the stable libration points of the earth-mooii system,
This determination of the properties of the motion was in large part
prompted by a desire to understand the rather intriguing orbits about
the libration points obtained in three-body numerical calculations per
formed by integration of the equations of motion on a high-speed electronic
computer (IBM 7^90).

As a consequence of determining properties of the

motion* some considerations concerning the establishment of an artificial
satellite about the libration points can be presented.
Consideration is given to the perturbing effects of factors which
are not included in the restricted three-body problem* particularly
the effects of the eccentricity of the lunar orbit and the perturbation
of the solar gravitational field.
Finally* with respect to possible accumulation of small particles*
or more specifically an increase in particle density* in the vicinity of
the stable libration points which might be observable from the earth*
several possible mechanisms are considered.

One such mechanism* which

appears promising* is considered in some detail and is suggested as a
subject for further investigation.

PRELIMINARY CONSIDERATIONS
Equations of Motion for the Restricted
Three-Body Problem
A simplification of the equations of motion of an infinitesimal body
in motion relative to and under the gravitational attraction of two finite
point masses can be obtained when the equations are written relative to a
rotating coordinate system*

If it is assumed that the two finite point

masses revolve in circles about their common center of mass with uniform
angular velocity, the coordinate system can be chosen such that the equa
tions of motion of the infinitesimal body do not involve an explicit
dependence on the time.

With the origin of the coordinate system taken at

the center of mass, the X-axis along the line joining the two finite masses
and positive in the direction from the larger toward the smaller mass, the
Y-axis normal to the X-axis and positive in the direction of rotation of
the smaller mass, and the 21-axis such as to complete a right-hand system
(see fig. 1), the equations of motion of the infinitesimal body are
(x - X2>

dt

dt

rX

(1)

* -(l - |i) — r - d —
rl3
r2

8

9
In equations(l) the constants

x-^ and

Xg

denote the position of

the primary and secondary masses, respectively, with respect to the
common center of mass*

The quantities (l - p) and. p

denote, respec

tively, the primary and secondary

r;

are the radii of the infinitesimal body from

(l - p)

and

fi, respec

tively, and are defined as

All of the factors in equations(l) are expressed in nondimensional
form, with the unit of mass taken as the sum of the masses of the two
finite bodies, the unit of distance taken as the distance between the
finite bodies, and the unit of time (period/2*) as the inverse of the
mean angular motion.
The equations of motion of the restricted three-body problem, expresed
in the form of equations (l), are derived in several texts on celestial
mechanics, particularly in reference 1 .*'
Jacobi *s Integral and the Surfaces
of Zero Relative Velocity
An integral of the equations of motion (eqs (l)) was first obtained
by Jacobi through definition of a function

U — i( x
g
’M"

'p i

_.}

t

+ y )f
rl

U, such that

iil. +■ -Jir2

(2 )
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The right sides of equations (l) can be expressed as simple partial
derivatives of the function

U, so that equation? (l) can be written

as

at^

dt

dx

d^y t

dx ^ dP

dt2

dt

by

<3)

dtJ
bz
t v
Upon multiplying the set of equations (3) by

dv
dV
2 — , 2 — , and 2
dt
dt
respectively, and adding and considering the fact that U is not an

explicit function of the time, the resulting equation can be immediately
integrated to yield

or
V2 - 2U - G
where

C

<*)

is a constant depending on the initial conditions*

Equation (k) is known as Jacobi's integral and five additional
integrals are required to completely solve the restricted three-body
problem; three additional integrals are required to solve the problem
in the X-Y plane*

Many attempts have been made in the long history of

celestial mechanics to obtain an additional integral of the problem,
but none have been obtained.

XI
While Jacobi's integral is by no means a complete solution to the
three-body problem, it does provide some useful information concerning
the motion.

As seen from equation (*0, when the constant

C

is deter

mined from the initial conditions, the limits of the motion and the
velocity at any point within the limits of the motion can be obtained.
Since the left side of equation (^) is a real quantity, the motion, for
a given value of

C, is real only for those points for which

greater than or equal to

C.

Setting

V » 0

2U

is

allows calculation of the

so-called surfaces of zero relative velocity which define the limits of
the motion for a given value of

C.

With application to the lunar

theory, G. W. Hill used this relation and these approximations to show
that the moon cannot recede beyond a certain limiting distance from
the earth.

In recent years a number of investigators have discussed

at length the various implications of these surfaces with respect to
projecting a vehicle from the earth to the moon, and this will not be
repeated here.
Some of the surfaces of zero velocity for the earth-moon system
are sketched, for the X-Y plane, in figure 2.
mass ratio adopted in this analysis,
of the constant

C

With the value of the

p.

— * 0 .0121286, the values
o2 •^5
for the various curves are listed on figure 2.
The Libration Points

Examination of figure 2 indicates that at certain points the curve©
of zero relative velocity either come together or vanish, a© at point
and a similarly situated reflected point

L^.

These points, of which

there are a total of five, all situated in the X-Y plane, represent
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critical points of the motion relative to the rotating coordinate system.
At these points the partial derivative of
x

or

y

is zero.

If

U

U

(eq. (2)) with respect to

is considered as a potential, then the force,

or acceleration, at these points is zero.

The points therefore represent

positions of equilibrium relative to the rotating coordinate system,
such that a small body placed at any of these points with the proper
initial conditions will remain there unless acted upon by a disturbance
outside the considerations of the restricted three-body problem.
The points

Lp

to

are the libration points of the e&rth-moon

system, or the Lagrangian points, after the first investigator who
determined their properties.
It can be shown that the three points along the X-axis are unstable,
in the sense that If a small body at one of these points is given a
small velocity relative to the point, it will depart to a relatively large
distance sway from the point.

This can be visualized to some extent by

consideration of the values of the constant
points.

On the other hand, points

and

C

associated with these
are stable points, in

the sense that a small body given a small velocity relative to these
points will remain in motion relatively close to the points.
and

The points

are frequently referred to a© the equilateral triangle

libration points.

The criterion for stable motion will be reviewed in

a subsequent section.
The location of the libration points for the e&rth-moon system,
1
u. * ~
, measured in nondimensional units from the earth, are
82.^5
given in figure 2 .

with
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Equations of Motion Relative to the
Equilateral Triangle Libration Points
In the derivation of the equations of motion of a small body rela
tive to the equilateral triangle libration points, the analysis will be
restricted to consideration of motion in the vicinity of the points.
In particular, the equations will be formulated neglecting terms which
involve second and higher degree terms in

x 1 and

y ‘ (to be defined

below) * It will be demonstrated in the subsequent discussion that this
assumption does not unduly restrict the results obtained.
The general equations of motion of the restricted three-body problem,
written with respect to the rotating coordinate system, as described in
a previous section, are
a x
at2

_

- rm

dt

‘

dgy .

=

o
££

dt
dcz
dt2

dx
dt

dU
tie

_

dy

» g(x,y,z)

(3)

au
s& it
dz

The libration points constitute particular solutions to these equa
tions.

Let the coordinates of the equilateral triangle libration points

be designated as

x » X|, y =

z *

and the coordinates of the

small body relative to the libration point® be designated

x*, y ’, z*

In a coordinate system with axes parallel to the original axes and
centered at the libration points (see fig. 3).

If the body is given a

small displacement and small velocity relative to the libration points,
its position and velocity components are

Ik

X a X T + X*|

.

dx
dt

y - y * + r •;
;

SC
- .
- -

1

zz + »*•
*

dz
dt

dx*
—
dt
(6)

dz’
dt

On making the above substitutions in equations (5)/ the equations
become, in functional form
d2x ’

^ _
dyf
_/
2
_ , f(Xl
+xt
«, yz + y ., ..)

+ 2 —

« g(xt + x ’, yj + y', z*)

(7)

dt2
2
^--§- 83
dt

yj + y*, z')

The lastof equations (7) is independent of
and by simple

the first two equations

substitution, using the fact that

** rg » 1

and

z = 0

for the equilateral triangle libration points, becomes
2

— S- * ~(l ~ u)z* * nz* * -z*
dt
Equation (8 ) can be immediately integrated.
tion, in terms of the initial position and
z*D

and

(8)

The results of the integra
velocity

components, denoted

, respectively, are

z* * z*

(5£l) sin t
cos t + [
\dt /o

and

(9)
dz'
, . .
/dz’\
—
« -z* sin t + (---)
dt
°
\dt /Q

.
cos t
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Thus the motion of a small body parallel to the

z*

axis, in the

vicinity of the libration points, is periodic with frequency

i.e.,

with the same period as that of the revolution of the moon about the
earth (the sidereal period of the moon).

Its position and velocity at

any time are easily calculated with given initial conditions.
For the first two of equation (7), the right sides are obtained
by expansion in Taylor *s series about the point

x **

^ y * yj| 2 ® 0*

Application of Taylor*s formula, neglecting factors involving terms of
the second, degree and higher, gives the results (since
g(xj,yj,0) * 0

and

h(x|,yj,0) « 0

f(x$,yj,0 ) = 0,

for the particular solution)

5k

dy

hz

(10)

Upon carrying out the partial differentiation indicated on the right
sides of equation (10), using the fact that for the equilateral libra
tion points,

ri * rg * 1

and as a consequence of this, for point
1

X * X 7J X

2

(1 1 )

z » 0

there result the relations
£ = 2, * «
<bt 4 dy

. ^ M . o
2

(12)
Sg . l i i d . 2^),
- 2 j :* . 0
a*
2
ay
k’ bz

With these relatione, equation: (10) become*
S£^ L - a S t l - ! *• + 2i 2(i - SMjy
dt
4
4
dt2
(15)
+ 2 |£l -

at

dt

2— 2(1

-

2m)x*

+

1

f. y>

l

Equations (13) are the equations of motion of a small body relative
to the equilateral triangle libration point, L^, subject to the neglect
of the higher order terms.

In the derivation of equations (13), the

coordinates of the leading libration point,

were used.

out the analysis for the trailing libration point,

Upon carrying

L^, differences in

sign in the relations (ll) and (12) lead to differences in sign in equa
tion (13)*

The equations of motion relative to point

are the same

as those given in equations (13), except for negative signs before the
terms involving

- 2m)

in equations (l5).

A major consideration

of the present analysis is to obtain and discuss the solution to these
equations.

Before proceeding to the solutions, however, it is necessary

to consider the stability of the motion.
Consideration of the Stability of the Motion
The question of the stability of the mot ion about the equilateral
triangle libration points has been considered by a number of investigators

IT
and discussions are given in the texts of Moulton and Plummer (refs. 1
and 2) and others.

The stability criterion will be reviewed here, more

or less along the lines followed by Moulton.
The solutions of a system of linear differential equations with
constant coefficients can be obtained in the form
CxeXlt + Kj,e*2t + K3eX3t +
(1*0
At t
y 1 * L-^e A

Kpt

Xxt

Xkt

Upon making the substitutions
Xt
Ke
Xt
y f « Le
in equations (13)> and reducing, there is obtained
A2 - i K k

<1 - 2m ) h at 0

2X

(15)
2A -

Z j j k l

For solutions other than
equations must vanish.

*> K +

-

t.2

A

*

9 L 83 0

x* =0, y* = 0, the determinant of these

Evaluation of the determinant yields

A1* + A2 +

m (1

-

m)

(16)

* 0

The four roots of equation (l6) are found to be
58 "Ag

•1 +

Jl - 27m(1

- M)

2

(17)
X^ a -Xjj.

-1 - sjl - 27m(1 - M)
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For stability of the motion* these roots must be pure imaglnaries*
otherwise the expressions in equations (lk) will involve secular terms
increasing with time.

Periodic motion will be obtained when the

Vs

are pure Imaginaries.
In order that the

Vs

imposed that the quantity

be pure imagin&ries* the condition Is
1 - 27u(l - h)

must be positive* but must

be less than one* or
1 > 1 - 27n(l - p) 5 0
The upper limit of this inequality is trivial* resulting in a value of
U

approaching zero.

for

The lower limit* zero* results In the equation

p
27n2 - 27u + 1 = 0

The solution for

p

is

-

H

?

2(2?)

The minus sign is used because

J

l

. m

i - i U
2
2 \J

-

J L

= 0.0385
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u* the ratio of the mass of secondary

to the total mass of the two finite bodies never exceeds l/2.
This analysis thus indicates that if the m s s ratio

u

is less

than 0.0385* the motion of a small body about the equilateral triangle
libration points is stable.

The value of

p

for the earth-moon system

is about 0.0121* and for the sun-Jupiter system about 0.00095* therefore
in both these systems the motion about the equilateral triangle libra
tion point© is stable.

ANALYSIS OF MOTION ABOUT STABLE LIBRATION POINTS
A First Integral of the Problem and
Transformation of Coordinates
The equations of motion of a small body relative to the equilateral
triangle (stable) libration points were developed In a previous section
and presented in equations (12), for libration point

as

(18)

For manipulation of these equations, a function

W

can be defined

such that

(19)
The partial derivatives of this function are

dx'

h

*

(20)

The relations (20) correspond to the right sides of equations (l8), which
can thus be rewritten as

19

20

cAt’ ^ dy'
1"o""" "*
<it
dt

3W
dx *

(21)
a2y ' , g ay' _ Sw
dt2
«
' 9y
t
2 — - and ohe second
d.M
dvf
2 ——
and the resulting two equations ©re added, there is obtained
dt
.

If the first of equations (21) is multiplied by
by

2 dx>
dt ^ 2

-f

g
dy* d Ag-".1. ^
2
C
■ * » ■»
as ^
dt ^ 2
dt

+ ^ dy *i
dt dy*

-f.

Btx1

Equation (22) has components which are exact differentials, since
is not an explicit function of

(22)

W

t, and therefore it can be integrated

to yield the relations
2

2

or

(23)
V2 - 2W + C'

where

W

is defined in equation (19).

Equation (23) is a first integral of the motion, defining the rela
tion between the velocity at any point and the coordinates of the point,
subject to the value of the constant
conditions.

C*, obtained from the initial

This first integral provides some interesting information

regarding the properties of the motion.

Before discussing these properties,

however, it is desirable to obtain the first integral and the equation® of
motion with respect to new coordinate axes, obtained by a simple
transformation.
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In the expression forthe function

W

(eq. (19)), a transformation

of the coordinate axes canbe obtained such that the
is eliminated.

cross product term

The coordinates are to be rotated through an angle

8

such that
- *>
tan 28 » -— —-- -r

(2*0

2.2
k

k

where the numerator is the coefficient of the cross product term in
equation (19), and the denominator is the difference of the coefficients
of the squared terms.

Thetransformation to the new coordinate system

(t,q) is then defined by
x* « | cos 8 - q sin 8
(25)
y f «■ I sin 9 + tj cos 8
With use of this transformation, the equations of motion, the function
and thus the first integral can be obtained with respect to the

W,

|,tj

coordinate system.
The value of

the ratio of the m s s of the moon to the combined

masses of the earth and moon which is used in the present analysis is
— !— - 0.0121286. With this value of u in equation (2*0, 8 is found
82.^5
to be 60.506°. Thus the coordinate axes for the
system are obtained
by a counterclockwise rotation through 6O.5060 from the coordinate axes
of

x 1, y 1 (see fig. 3)♦
Upon carrying out the numerical calculations for the transformation

defined in equations (25), the equations of motion for a small body
relative to the stable libration points became
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5L| .. 2 Sa . (2,972795)1 a
dt2
dt

ifi
(26)

(o.0272051h
where

2W - (2 .972795)1^ + (0.0272051)n2

(27)

The first integral becomes
(28)

v2 - (2 .972975)I2 + (0.0272051)n2 + c

Transformation of the coordinates has thus resulted in a simplification
of the form of the equations of xaotion and in a particularly simple
expression for the first Integral of the motion.
For the libration point

L^, there are sign differences in the

applicable equations of motion corresponding to equations (l8)} specifi
cally, negative signs in front of the terms in equations (18) involving
^

- 2p). Similarly, there is a negative sign before this term in

equation (l9)»

Upon evaluation of the angle

corresponding to (2^), 8

for point

0, by use of an equation

is found to be -60*508°.

Thus

the coordinate axes are rotated clockwise through 60.306° to obtain the
transformed coordinate axes

|,q

for point

L^.

The coordinate systems

are sketched in figure 3 * Upon evaluation of the equations of motion for
point

1*5, they are found to be the same as equations (26).

equations (27) and (28) also apply to motion about

Le>.

Similarly,

Thus equations (26),

(27)> and (28) are equally applicable for the libration points
subject to the orientation of the
figure 3*

§,q

1%

coordinates as indicated in

and

L^,

2$
Discussion of the First Integral and Some
Piroperties of the Met ion
Obtaining a First integral oi* the equations of motion of a problem
of this nature does not by any means constitute a complete solution of
the problem.

In this case, three additional integrals are required.

The remarks in reference 1* page 281, concerning the apparent impos
sibility of obtaining additional general integrals of the three-body
problem also apply to the present problem, since the equations are of
the same form.

As is shown in the next section, however, an explicit

first-order solution can be obtained for the present problem.

The

expression of equation (28) can be considered as a direct analogy to
the Jacobi integral of the three-body problem*

As in the case of the

Jacobi integral, equation (28) furnishes some interesting information
concerning the motion.
The constant

C

in equation (28) is easily determined from the

velocity and the position components at the initial time.

The first

Integral then gives the relation between velocity and the position com
ponents for any other position.

The question of whether or not the small

body can attain a particular position with given initial conditions is
not answered by the first integral and this is an indication of the
limited amount of information contained in it.

This question is con

sidered in detail in a subsequent section.
The first integral states that the velocity increases as the small
body departs from the libration point.

A simple example is a situation

in which the initial position is at the libration point (|Q » 0;
and the initial velocity is

VQ*

In this case

c - vc,

tjd

» 0)

and it is clear

2k

that the velocity at any point other than the libration point must be
greater than

VQ * Because of the coefficients of

|

and

q, the

magnitude of the velocity is strongly dependent on the position com
ponents, particularly on the value of

It is clear that there are no

positions of zero relative velocity except at the libration points, and
there is thus no possibility of discussing the surfaces of zero relative
velocity as has been done in the case of discussions of the three-body
problem on the basis of Jacobi’s integral*
The situation of velocity increasing with distance from the libra
tion points is entirely different from the results obtained in the
usual central force problem, in which velocity decreases with distance.
In the usual central force problem, the center of mass of the attracting
body can be considered as being at the bottom of a potential well.

With

a given amount of energy, a particle can "climb up" the sides of the
potential surface to a predictable height, or escape, if the energy is
great enough.

In any event, the trade-off of potential and kinetic

energy is such that the velocity of the particle decreases with distance
from the center of attraction.

In contrast to this well-known situation,

for the motion of a particle about the stable libration points, if the
motioh is bounded, the maximum values of the velocity occur at the
maximum excursions of the particle from the libration points.

This

situation suggests that the present problem is involved with a potential
"hill" rather than a potential well, a fact which will be demonstrated
shortly.

The question of how the motion can be stable under these

circumstances will also be considered.
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The first-order equations of motion for a particle in motion about
the equilateral triangle libration points, as expressed in equations (26),
can be rewritten in the form

2?| _ 2
+ (2.972795)1 ■
dt2
dt

g g
- -2

~

♦ (0.272051)n .

gl

As indicated, it is possible to define a new function

(29)

W*, which can be

considered as a sort of position - and velocity - dependent potential
function, for which
W* * i

2 (2.972795k 2 + (0 .272051k 2

+ 21

- 2n H

- w(e,ti,e,n)
(50)

As in the usual definition of a potential function, the relations of
equations (29) state that the force, or acceleration, in a given direc
tion is equal to the directional derivative of the function in
the given direction.
Examination of equations (29) or equation (50), along with the defini
tion of the coordinates as shown in figure *

indicates that the

tin

dependent terms alone lead to accelerations tending to carry a particle
away from the libration point at all times.

This situation can be con

sidered in the same light as a potential hill with the top of the hill
at the libration point, and is a destabilising effect for all values of
|

and

tj, except for

| * tj =0.

The velocity-dependent terms in

equations (29), on the other hand, contribute generally stabilizing
accelerations for clockwise motion.

Overall stability of the motion

is effected for sets of initial conditions for which the stabilizing
contribution of the velocity-dependent terms of clockwise motion exceed
the destabilizing contribution of the position-dependent terms#
The remarks in the preceding paragraph do not necessarily mean that
a situation of overall stable motion requires clockwise motion with
respect to the libration point at all times.

Counterclockwise motion

does lead to a departure of the particle from the libration point; how
ever, if at a later time the dynamics of the motion are such as to change
it from counterclockwise to clockwise, the overall motion is ©till stable.
It can be said that at the extremities of the motion with respect to the
libration points, the motion must be clockwise if it is to be stable,
but in other regions it does not have to be clockwise.

As will be seen

later, for motion about the libration points, angular momentum is not
conserved, a situation which might be expected in the treatment of a
problem in a rotating coordinate system with the attendant Coriolis
forces.
Solution of the Equations of Motion
It is desired to find the solution of the equations of motion in
the transformed coordinate system, as developed in the previous section
2

i - i - 2 f a - (2.972795)5 dt
dt
(

d2
—I +
dt

2 21 « (O.027205i)n - Un
dt

To solve these equations, let
A't

31

)
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which results in
^
dt

KX'^'t.

2* KX1
**>»2<*Xft
dt
(53)

21 = iA'e* tj i-S - IA,29
dt
dt2

*

Substituting the relations (32) and (33) into (31)* dividing out the
common factors, and rearranging gives
( V 2 - a)K - 2AfL « 0
(34)
2X*K + (X*2 - 0)L = 0

For solutions of the form of (32), other than the already known
solution

| = 0, q = 0, the determinant of equations (34) must vanish.

This condition can he expressed as
X*2 - a

-2X*

2X*

X*2 -

,4 - (a + 0 - 4)Xt2 + a0 - 0

(35)

The solution of equation (35) is

f2

(a ♦ 0 - 4) * ^(a + 0 - 4)

* 4o0

2

With the numerical values for
for mass ratio

a

and

0 as given in equations (31)*

{X of — -i— , the four solutions for X*
82.45

X1 * ‘X2 3 °-2979131

X^ « -X^ » 0.9545931

are
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The general solution for the position and velocity components of the
small body can now be written in the form
Alt
£

** K]|_e

Alt
-f* K g e

Ait
4* K-^e

An

Ut
4*

Alt

A-It

A£t

(

.
»

A4t
*

AAt

Kx A {e

&n

+

KgAg.**

^*1

+

K^A^e

Ait

—3. a» L ^ A £ c

4- L jp A g ?

)

4* K^AJ.*

Alt
4* L ^ A ^ ”;

In equations (37) the coefficients

37

Ait

%

Alt
4- Lj^Ajj/?

and

are related through the

expressions of (3*0; in particular

„
Ln - (An2
----A- -a)
-- %
2K
With the numerical values of
those for the
between the

A'

a

and

_
. --- *
%
<» - ^ 2>

(58)

p as given in equations (51) and

as given in equations (56), the numerical relations

Ljj and the
%

% , obtained from equation (38), are

•= (5.1333281)% =

Le - -f5.138328i)K2 - -7iiK2
(39)
Lj = (S.0 3 4 3 9 7 1 % - 73iK3

I k

- -(2.03^3971)% = -7^1%

In equations (37) the
the

A^

Kq

are in general complex constants.

Since

are all pure imaginaries and are related as in equations (36),
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real values for the position and velocity components will be obtained
only if

Kx

andKg* and

the coefficients

%

K3 and

IQj.are complex

conjugates*

Let

he expressed as

K1 * M1 +

Kg * Mg + IHg

S

Mx

-

iHx
(**0 )

K3 ~ M3 + iK^; Kk * Mg 4 iNg =sM3 - HI3
and let

theexponentials in equation© (37) be expressed in the form
oNi*' _ cog

+ x sin
(*+1)

« cos A«t i sin
“ x
oxii Ant
/\n,u
Using the expressions in (40), (hi), and the relations given in (39)*
equations (37) become, after making the substitutions
| - 2Mi cos Axt - 2NX sin Axt + 2M3 cos A^t - 2N3 sin A^t
q =* -2Mxyx sin Axt - 2Nxyx cos A^t - 2M^7^ sin A^t - 2H373 cos A^t

(h2)

as
'
— - “^ 1^1 siri ^*1^ * 2NxA-f cos Axt - 2M3A3 sin Ajt - 2N3A3 cos A^t
dt
’**
da
dt

cos Axt + 2NX7XAX sin Axt - 2M373A3 cos A^t + 2N373A3 sin A^t

Equations (h2 ) are a set of four simultaneous equations with the
four unknown coefficients

Mg, M3, Bfg, N3 . These coefficients can be

determined in terms of the initial position and velocity component© (at
t » 0).

Designating the initial position and velocity component© as

to* no* l ~ ) *
\dtjc

17^1 * equations (**-2 ) become, at
Vdt/0

t * 0
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2Mp

m

-27l»i

~2?3^3 M %
(k3)

-2X3K3

o
o

The form of equations (V3) is such that they represent two sets of two
simultaneous equations, and it is clear that the unknown coefficients
Mn

and

will each be dependent on only one of the initial position

and one of the initial velocity components.

Upon substituting in equa

tions (^3) the constants as given in equations (36) and (39); and solving,
the values of the

un

and

Nn

in terms of the initial conditions are

found to be
Mp *

2 .36llk3 |0 +

Equations (*+2) are also rewritten using the values of the constants
as given in equations (36) and (39); resulting in the relations

t

-

2(%

COS

AXt - Hi sin Apt) + 2(Mj

cos

A^t -

sin A^t)

q as (-10*2766)(Mp sin Apt + Hp cos Apt) - (Jt*0688)(M^ sin A^t 4* H3 cos A^t)

H

* (~0*5958)(Mp sin Apt * Hp cos Apt) - (l.9G92)(M^ sin A^t +>

-3. « (-3.0616)(Mp cos Apt - Up Bin Apt) + (-3*B84o)(M^

cos

Ajfc -

cos A^t)
sin A^t)
(^3)
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Equations (45) are explicit relations for the position and velocity
components of a small body in motion relative to the stable libration
points, with the dependence on the initial conditions given in equa
tions (Mi-), and are the first-order solution to the equations of motion.
As indicated by the form of equations (45), the motion is doubly periodic
in the frequencies

Ap * 0*297913

and

A*, * 0 .954593, which correspond

to periods of 91*71 and 28*62 days, respectively.

The solutions given

in equations (45) are applicable for both stable libration points,
Lk

and

L*j, in the transformed coordinate systems illustrated in

figure 5 *
Equations and Properties of the Orbits
In the solutions for the position components of the motion as given
in equations (45), and also in equations (42), it is clear that each
position component can be considered as the sum of the contributions of
individual motions with the frequencies

A-^ and

A^*

It Is therefore

possible to manipulate the equations in order to eliminate the time and
obtain equations of the orbits of the individual motions in the two
frequencies *
For the motion with frequency

A^, the long-period motion, the applic

able portions of equations (42) are
| = 2MX cos Axt -

sin Apt
(46)

q ® «2y^Mp sin Apt - 2ypNp cos Apt
If the first of equations (46) is multiplied by

7^, the result squared

and added to the square of the second of (46), equations (46) reduce to
the form

Tj2!2 + i}2 - i*/i2(M12 + Hi2)

(^7)

This is the equation of the orbit for the long-period motion and is an
ellipse in which the semiaxes are defined in terns of

y^

and the

Initial conditions expressed in the relations of equations (44),

The

eccentricity of the orbit is defined as
(semiminor axis)

and is independent of the initial conditions, and dependent only on the
constant

y^ *

Similar considerations lead to the properties of the motion with
frequency

the short-period motion, with the equation of the orbit

7 $ z iz

*

n2 » ^732(M52 + H32 )

(^9)

The properties of the component elliptical motions which comprise
the resultant motion of a small body about the stable libration points,

with the adopted value of

p.

from the earth, are listed in table X.
Hn

and with the moon at mean distance
The expression for the

%

are given in terms of the initial conditions in equations (44).

and
The

semiaxes are expressed in nondimensional units, as a fraction of the
earth-moon distance.
An interesting result pertaining to the properties of the resultant
motion, particularly with respect to the limits of the motion, is obtained
by adding the relations for the semiaxes of the component ellipses presented
in table X.

This results in
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W

“ 2(*i2 + »i2 )l/2 + 2 { M / + N32)l/2
(5 0 )

- 10.2767(M^2 + »ia)

+ 4.0688(M32 + Hj2)1^2

Equations (50) define the extremities of the motion of a small body in
the vicinity of the stable libration points, subject to the initial
conditions.

The limiting boundary of the motion is not exactly an

ellipse, but is sufficiently close to an ellipse so that equations (50)
can be considered as the semiaxes of an ellipse defining the maximum
excursions as a function of the initial conditions.
Since the two frequencies of the motion,

Xi

and

commensurate, the resultant motion is nonperiodic.

X^, are not

Within the bounds

of the motion, defined by the resultant of the ellipses with properties
as given in table I, the orbit of small body traces out a sort of
Lissajous figure, such that after a sufficient length of time the orbit
has passed through every point of the area enclosed within the boundary.
The question arises as to whether or not it might be possible to
choose the initial condition© such that the resultant motion reduces to
one of the simple elliptical orbits with frequency

X^

or

X^.

It is

clear that, for this situation to exist, the motion pertaining to one
of the frequencies must be eliminated.

An examination of the solution

given in equations (^2) or (V?) indicates that this might be accomplished
by choosing the initial conditions such that either
Maj *»

Mi * Hi * 0

or

* 0*
Consider the situation for which

relations for

Mi

and

- *! « 0*

given in equations (Mi-),

Using the defining
* 0

if

3*»the following ratios exist between the initial values of the position
and velocity components

2.$6±lk$
(51)
0.236616
0.111027

An examination of relations (51) indicates that the characteristics of
the initial conditions are such as to lead to clockwise motion relative
to the libration point being discussed here*

As discussed in a previous

section, this is the condition for stable motion; therefore simple
elliptical motion with either of the characteristic frequencies is pos
sible with proper choice of the initial conditions.
the frequency

For motion with

A^, equations (51) ia combination with equations (Mf)

yield the following values for the coefficients

m3

and

B3

i3 = (-0 .257^ ) ^
(52)

Similar considerations for motion with the frequency

Ap, for which

M3 *113 * 0 , lead to the relations

Ip
jA

_ _ 1.215817 <= -0.65326k
” “ 1.86ll%5
(53)
Q.03W 50

55
and
Mx - (-0.326632)f|2A
O
(5*0
Hi - (-1 *678326) ( H j
o

The sets of equations (51) and (52), and (55) and (5*0 thus define
the initial condition® for two infinite sets of periodic orbits about the
libration point*

In these orbit© the ©mall body executes simple elliptical

motion, with center of the ellipse at the libration point, and with the
frequency A^

or

Ai, respectively.

The characteristics of these periodic

©lotions are identical to those listed for the respective motions in
table I.

NUMERICAL CALCULATIONS AND COMPARISONS
In the course of the analysis of the properties of motion about the
stable libration points, a large number of numerical calculations have
been made.

These calculations Involve the numerical integration of the

equations of motion of the restricted three-body problem (eqs* (1)),
and have been performed to illustrate some of the properties of the
motion and to serve as an indication of the applicability of the analyt
ical results.

The equations of motion have been programed for numerical

integration on a high-speed digital computer (IBM 7090), using the RungeKutta integration procedure with variable time interval*

The results

of the numerical integration are the time histories of the position and
velocity components of the small body as a function of the initial con
ditions.

Some additional remarks concerning the integration program are

given in reference 5 .
A few typical numerical calculations are presented in this section.
The initial conditions and plots are in general presented in terms of
nondimensional units.

For reference to dimensional units, for the moon

at mean distance from the earth, the unit of distance is 3Qk,hQ$ km and
the unit of velocity is 102^.5 meters per second.
Typical Orbits About the Stable Libration Points
Two typical examples of orbits about point

L^

are presented in

figures k and 5, for which the examples are designated case I and
case II, respectively.

For both of these cases, the small body is
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initially located at point
X*

I4 ; for case I it is projected along the

axis with an initial velocity of 3*07 meters per second, and for

case IX along the Y*

axis with 30*7 meters per second.

The time,

measured in days from the initial time, is indicated for various
positions in the orbits.

The plots for the two cases cover a time

period of about 6 months.
The two cases are somewhat similar in appearance as regards the
characteristic loops, but the maximum excursions are considerably
different, as expected from the differences in initial velocity, and
amount to some 17,300 km for case I and 133>000 km for case II.

The

dependence of the maximum excursions on the initial conditions is
discussed in some detail in a subsequent section on Initial Condition
Error Analysis, but for the present purposes the cases in figures h and 5
have been chosen as typical of cases for which the assumptions of the
first-order theory generally apply (case I) or do not apply (case II).
The intriguing appearance of orbits about the libration points, as
exemplified in figures ^ and 5, and a desire to understand the properties
of the motion, provided the impetus for initiation of the present analysis.
The loops in the orbits are a characteristic feature obtained in all the
numerical integrations, and indicate the nonconservation of angular
momentum.
Elliptical Motion Components
and Limiting Envelope
As discussed in the section on Equations and Properties of the Orbits,
the motion about the stable libration points is the resultant of motion
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in two ellipses with different, but known, periods.

The properties of

the individual elliptical motions are given in table I, as a function of
the initial conditions.
along the

|

and

For the resultant motion, the maximum excursions

r\ axes, also as functions of the Initial conditions,

are given by the expressions of equations (pO).
With the initial conditions of the numerical integration example
plotted in figure h (case I), the component ellipses and the limiting
envelope of the motion, as determined from the expressions of table I,
are presented in figure 6.

As indicated, the orbit is contained within

the predicted limiting envelope for the duration of the numerical inte
gration, which was carried out for a time period of about 6 months.

For

this case, and for a number of other cases with reasonably small values
of the initial position and velocity components, there were no indica
tions that the motion would exceed the limits of the envelope within an
extended time period.
As an example of a case with initial conditions which result in an
orbit which does exceed the limits of the predicted envelope, the predicted
envelope and the computed orbit of case II are shown in figure 7*

Such

a situation is to be expected in view of the fact that an assumption of
the analysis is that excursions from the libration point should be small
compared to the earth-moon distance, whereas in this case the maximum
excursions are of the order of O.k of this distance.
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The First Integral and, Solution of the Equations of Motion
The first integral of the motion of a small body about the stable
libration points has been derived on the basis of the first-order theory
and has been presented a© equation (28).

A discussion of the significance

of this first integral has been given in a previous section.

It is of

interest to compare results px*edleted by equation (28) with a solution
of the problem obtained by numerical integration.

For this comparison,

the numerical integration which resulted in the orbit plotted in figure k
(case I) has been used.
Equation (28) expresses the relation between the position components
of the small body and the velocity of the body, as a function of the
Initial conditions which determine the value of the constant.

Using the

initial conditions of case I and several positions in the orbit of case I,
the predicted velocity at these points is calculated by use of equation (28)
and is compared with the velocity as obtained in the numerical integration
of case I.

This comparison, is presented in table II.

The locations

of particular points listed in table II are identified by the time
notations in figure 4, or by reference to the position components.
Examination of the results shown in table II indicates that the first
integral predicts the velocity at any point within an accuracy of 5 percent.
The velocity increases in proportion to distance from the libration point
as predicted by equation (28), and the results of the numerical integration
conform to the discussion of equation (28) as given in a previous section.

On the basis of a first-order analysis, an explicit solution of the
equations of motion of a small body in the vicinity of the stable
libration points was obtained in a previous section.

The solutions for

the position and velocity components, as a function of the initial
conditions, are presented in equations (4-5).

With the initial conditions

of case I, it is of interest to compare the results of the position com
ponents as calculated from equations (4-5) with the results of the
numerical integration as presented in figure 4.

This comparison is shown

in figure 8, where the predicted results from equations (4-5) are indicated
by the small crosses and the corresponding results from the numerical
integration, at the same value of time, are indicated by the small circles
along the orbit.

An examination of figure 8 indicates that equations (4-5)

predict the orbital positions and properties of the orbit, including
the loop, with acceptable accuracy throughout the time period.

For some

points the differences between the crosses and circles are somewhat
greater than might be desired, but for other points the differences are
almost undetectable on the scale of figure 8.
Periodic Orbits
In a previous section concerning the equations and properties of the
orbits about the stable libration points, consideration was given to the
possibility of existence of periodic orbits about these points.

On the

basis of the first-order analysis, it was concluded that it is possible
to choose the initial conditions so as to obtain two infinite sets of
periodic, elliptical orbits in the two characteristic frequencies.

It i©

desirable to investigate the applicability of this conclusion of the firstorder analysis.
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With the initial conditions used for case X (fig* **•), the semi-axes
of the predicted component elliptical motions were determined from the
relations in table I.

After determining the semi-axes* equations (51)

and (53) were used to determine the value of the velocity component,
to be applied at the corresponding semi-axis position, which should lead
to periodic elliptical motion in the particular characteristic frequency.
For the present comparisons, the first of equations (pi) a&d (55) were
used to determine the values of (& )o
semi-minor axes, at positive values of

to he applied at the ends of the
g . On carrying out the necessary

computations, the initial conditions which should lead to periodic
elliptical orbits, on the basis of the first-order analysis, were found
to be
Short-period motion (period * 20*62 days)

iQ ■* 0.0063660;

- -0.0X27515; t)q - (ft)

- 0

(55)

Long-period motion (period ® 91.71 days)

t0 = 0.00636101;

- -0.00975723; no *

(H)

* 0

(56)

Since these initial conditions are derived, through use of the firstorder analysis, from the initial conditions of case X, the predicted
periodic elliptical orbits are identically those which are presented as
the component ellipses of figure 6.

For comparison, the initial conditions

as given in relations (55) and (56), after transformation to the coordinate

kz

system of the three-body problem,, were inserted in the numerical integra
tion program for the three-body problem.

$he consparison of the orbits so

obtained from the numerical integration and the predicted periodic
elliptical orbits are shown in figures

9 and 10. Figure 9 is for the

long-period motion and figure 10 for the short-period motion.
Examination of figures 9 and 10 indicates that the numerically
integrated orbits obtained from integration of the three-body problem
are not precisely elliptical orbits and are not exactly closed orbits.
However, since the initial conditions for these orbits were obtained
from a first-order analysis, the comparisons are considered to be
reasonably good.

On the basis of such comparisons it is concluded that

there are two infinite sets of periodic, nearly elliptical orbits about
the stable libration points of the three-body system.

PERTURBATIONS OF THE ORBITS
The primary purpose of the present paper is the analysis of the
motion about the stable libration points on the basis of the restricted
three-body problem.

However, since the motion about the libration

points of the earth-moon system is affected by factors not considered
In the three-body problem, this section includes a brief discussion
of the effects of some of these factors.

The additional factors can be

considered as perturbations of the properties of the orbits as deter
mined from the three-body problem.
Factors which affect the motion about the libration points, and
which are not considered in the three-body problem, include:

the

eccentricity of the lunar orbit, the perturbation of the solar gravita
tional field, perturbations of the gravitational fields of other planets
of the solar system, solar radiation pressure, and the noncentral
gravitational components of the earth and the moon.

Of these factors,

only the first two will be briefly discussed here, since the others
exhibit an extremely small effect on the motion.

A possible exception

is the long-term effect of solar radiation pressure on particles with
very small mass to area ratio, but this is not of particular interest in
the present analysis.
Consideration of the Eccentricity of the Lunar Orbit
The fact that the moon moves in an eccentric orbit (eccentricity *
0.0^5) rather than a circular orbit means, by definition, that the

k3

1*1$.

earth-moon distance and consequently the radii from the earth or moon
to the equilateral triangle libration points are periodic functions of
time.

Although the distances from the primary bodies to the libration

points and the angular velocity of the libration points relative to the
earth are periodic functions of time, the relative positions of these
points in the earth-moon system do not change.

Since the properties of

the motion about the libration points, as discussed in previous sections,
are primarily a function of the mass ratio

p

which is constant, the

primary effect of the eccentricity of the lunar orbit is a variation of
the dimensional factors of the problem.
As an illustration of this fact, the original work of Lagrange*
included the proof that the equilibrium points, and particularly the
equilateral triangle points, also constitute particular solutions of the
problem when the primary bodies move in elliptical orbits about the
center of mass.

With proper initial conditions, the libration points

remain points of equilibrium with elliptical orbits for the primary
bodies, and while the actual distances between the primary bodies and
the libration points change with time, the relative positions remain
constant.

Since the libration points remain points of equilibrium when

the primary bodies move in elliptical orbits, it is to be expected that
the motion of a smal l body about the libration points as the result of a
given set of initial conditions will not be much different for a circular
or an eccentric lunar orbit, except for the scale effect.

This applies

particularly to the limiting envelope of the motion, which is of primary
concern in a discussion of the perturbations of the motion.
For illustration of the effect of the eccentricity of the lunar orbit
on the dimensional factors of the problem, the values of unit distance

(eax'th-moon distance) and unit velocity (orbital velocity of the moon)
are, respectively:

for moon at mean distance, 384,403 km and 1023 meters/

sec; for moon at perigee, 336,400 km and 1064 meters/sec; and for moon at
apogee, 406,700 km and 996 meters/sec.

The unit distance is about

T o percent less than mean distance for the moon at perigee, and about
3.8 percent greater than mean distance for the moon at apogee.

For a

given set of initial conditions, such as

x 1 ~ y 1 -- ®L. - 0: ^L- = 3.07
dt
dt
meters/sec, those for case I of figure 4, the difference in the values
of the unit distance and unit velocity from those for the moon at mean
distance both tend to decrease the distance of maximum excursion when
the moon is at perigee, and both tend to increase the distance of maxi
mum excursion when the moon is at apogee.

As a result of these effects,

the maximum excursion distances would be about 10.7 percent less than
the results obtained for the moon at mean distance if the moon were
always at the perigee distance, and about 8.8 percent greater if the
moon were always at the apogee distance.

In summary, estimates of the

maximum excursion distances due to a given set of initial conditions,
made on the basis of the moon at mean distance from the earth, should
not be affected by more than about 10 percent due to the effect of the
eccentricity of the lunar orbit*
Consideration of the Solar Gravitational Field
The most pertinent considerations with respect to the perturbing
effect of the solar gravitational field on the motion of a small body
about the stable libration points of the earth-moon system are to deter
mine how much this perturbation affects the limiting envelope of the
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motion and, consequently, to determine whether the stability of the
motion is appreciably affected.

For the purposes of the present dis

cussion, these questions are investigated by performing a few numerical
integrations of the equations of motion, including the gravitational
field of the sun.

Before presenting these results, it is of interest

to discuss some of the factors involved in this problem.
The apparent motion of the sun in the coordinate system of figure 3
is clockwise relative to the center of mass of the earth-moon system
with period equal to that of the synodic month (29.33 days).

Since the

earth-moon plane is inclined to the ecliptic by only about 3°, to first
order the motion of the sun can be considered to be in the
of figure 3«

x~Y

plane

The magnitude and direction of the perturbing acceleration

of the sun on a body in the vicinity of the stable libration points can
calculated by use of methods given in texts on celestial mechanics
(for instance, ref. 1, page 333)*
a body located at point
ns

and

through

Op

I4

The results of such a calculation for

are shown in figure 11, where the angles

are measured clockwise from the earth-moon line, or a line

Li* parallel to the earth-moon line, respectively.

position angle

The solar

Q<z is related to the phase of the moon, with zero degrees

corresponding to new moon, 90° to 1st quarter, l8o° to full moon, and
270° to 3rd quarter.
The results of figure 11 indicate that the magnitude of the accelera
tion due to the solar gravitational field varies by a factor of two, from
about 1.5 to 3*0 x 10“^ meters/sec^, and that the direction of the
perturbation changes with a mean angular rate of twice the angular rate
of the apparent motion of the sun.

For comparison with the magnitude of

the acceleration due to the solar perturbation, the gravitational
accelerations of the earth and moon on a body situated at the stable
libration points are about 2.70 x 10*^ and 3-31 x 10 ^ meters/sec^,
respectively.

Thus the maximum magnitude of the solar perturbation

is about equal to the acceleration of the moon on a body in the
vicinity of the stable libration points, but is only a factor of
about 10

times the acceleration of the earth on the body.

The

effects of this disturbing acceleration will depend on the direction
of the perturbation and the position in orbit of the small body, and
thus will be a function of the periodicities of the unperturbed motion
and the perturbing acceleration.
The period© of the component elliptical motion© which comprise
the resultant motion of a small body about the stable libration
points, as given in table X, are 28.62 days for the short-period
motion and 91.71 days for the long-period motion.

The period of the

solar perturbation is one-half the synodic period, or 1&*72 days.
This situation is considerably different from the more conventional
perturbation problem in which the period of the motion is much less than
the period of the perturbing body, or the period of the perturbing
acceleration.

For the present situation, the direction of the perturba

tion acceleration changes through about

kn

during one orbit of the

short-period motion about the libration point, and through more than
12*

during one orbit of the long-period motion.

These ratios for the

perodicities of the orbital motions and the perturbation can be expected
to lead to a situation in which the effect© of the solar perturbation
are more or less canceled out.

jus
Some numerical calculations have been performed to indicate the
effects o- the orbits of the perturbation due to the solar gravita
tional field.

These calculations utilized a numerical integration

program for the four-body problem, as described in reference 7, For
simplicity in these calculations, it was assumed that the plane of the
ecliptic coincides with the earth-moon plane, and that the sun moves
with a constant angular velocity and is at a constant distance of
one astronomical unit from the earth.

Calculations were made with

initial conditions corresponding to those of the orbits shown in
figures k and 5, with initial positions of the sun corresponding to
new moon, 1st quarter, full moon, and 3rd quarter for each set of
initial conditions.
indicated below.

Some additional calculations were also made, as

The integrations were carried out for a time period

of 6 months.
The results of the perturbation calculations for case I of fig
ure h show that the maximum excursion of the body from the libration
point is decreased by the effect of the solar perturbation, as com
pared with the nonperturbed orbit of figure k9 for all the initial
solar positions considered.

The maximum excursion for all the cases

is about 70 percent of that shown for the orbit of figure 4, for the
6-month time period.

Some additional calculations were made with the

small body projected in the

y*

direction, instead of in the

direction as in figure **-, with the same initial velocity.

x‘

The results

of these calculations show that the maximum excursion from the libra
tion point is increased by the solar perturbation, by about 70 percent
as compared with the corresponding nonperturbed orbit (not shown).

kg

The effects of the solar perturbation thus depend on the initial con
ditions of the problem.

The perturbed orbits have somewhat different

characteristics than the nonperturbed orbits, but still exhibit the
characteristic loops and features shewn in figure 4.
The results of the perturbation calculations for case XI of fig
ure 5, in which the body is projected in the

y*

direction, show that

the perturbation increases the maximum excursion, as might be expected
from *■

remarks in the preceding paragraph.

The maximum excursion is

increased by about 55 percent as compared with the nonperturbed orbit
of figure 3*

The percentage increase in the maximum excursion, due

to the solar perturbation, is not much different for the cases in
which the body is projected from the libration point in the

y*

direc

tion with either a velocity of about 3 or about 30 meters/sec, even
though the absolute magnitudes of the excursions are quite different.
It is interesting to note that even for initial conditions which lead
to the rather large excursions shown in figure 5, the effect of the
solar perturbation does not destroy the stability of the motion, at
least not in a time period of 6 months, which represents more than
two complete orbits as in figure 5 .
Although a complete analysis of the effect of the solar perturba
tion has not been attempted here, some remarks can be made.

There is

a probability that the major effect of the solar perturbation is intro
duced in the initial stages of the motion considered in the cases dis
cussed above. As discussed in previous sections, the minimum velocity
relative to the stable libration points occurs at the libration points
and the relative velocity increases with distance from the points.

It
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is to be expected tiiat the major effect of the solar perturbation
would occur when the relative velocity is smallest.

Therefore* for

the numerical cases considered here* in which the body is projected
from the libration point* the solar perturbation could in effect
result in a small change in the initial conditions* introduced in the
initial stages of the motion where the relative velocity is near the
minimum.

The direction of projection of the body from the point would

determine whether the effective change in initial conditions would
lead to greater or less than the nonperturbed maximum excursions.
These speculations indicate the desirability of a separate study of
the effects of the solar perturbation.
To summarize* on the basis of a limited number of numerical cal
culations* it appears that the effect of the solar perturbation on
the motion of a body about the stable libration points can lead to
greater or lesser maximum excursions than those for the nonperturbed
orbits* but the general characteristics of the orbits are not greatly
affected* and the stability of the motion is not disturbed.

CGNS:U3ERATI0NS FOE ESTABLISHMENT OF ARTIFICIAL
SATELLITES NEAR THE STABIE LIBRATION POINTS
In view of the suggestions which have been made for utilizing the
stable libration points as locations for establishment of artificial
satellites, as discussed in the BfTRODUCTIGIt, it is of interest to
give consideration to some of the pertinent factors involved.

As

mentioned in the INTRODUCTION, the problem is somewhat similar to that
of establishing a satellite about the moon in that sufficient energy
must be supplied to project a vehicle from the earth to a desired
position relative to the libration point, then a retro-rocket must b®
used to reduce the relative velocity of the vehicle to a value below
that of the effective escape velocity in order to effect capture.

The

departure of the vehicle from the libration points as © function of
residual errors after firing of the retro-roeket, and considerations for
minimization of this departure are the subjects of this section.
Initial Condition Error Analysis
It is assumed that a vehicle has been projected from earth to the
vicinity of either of the stable libration points,

or

L5, and

that a retro-rocket or other decelerating device has been used to reduce
the velocity of the vehicle, relative to the libration point, to a
reasonably small value. The accuracy with which this operation can be
accomplished will depend on the guidance and control characteristics of
the particular vehicle. The residual values of the distance and velocity
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components of the vehicle relative to the libration point, after
application of the retro-rocket, are taken as initial conditions for
determination of the maximum deviations of the vehicle with respect
to the libration point.
Equations (50) give the expressions for the maximum excursion
along the
through the

|

and
Ma

r\ axes as a function of the initial conditions,

and

Nn

as given in equations (kk). With the values

of the constants as used in previous sections, the maximum excursions
in terms of the initial position and velocity components are obtained
from equations (bO) and (kh) as

,
211/2
®

o)2

+ (-0-1110 ’lo♦ °-23«(§)oj
0.0347 nQ

°-»76©J

211/2

-

(57)
,211/2
■0.11X0 T)o + 0.2366

+ 4.0688 ^-1.6611 6o - 1 .2158^ ^

211/2
+ ^0.0347 T\o - 0-5976^ H y J

Equations (pT) provide the means for performing an error analysis,
giving the relations for the maximum excursions of the vehicle from the
stable libration points as functions of any set of initial conditions.
These equations can be used to determine the relative sensitivities of
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the maximum excursions to particular initial conditions, and to indi
cate some general guidance and control requirements for establishing
artificial satellites about the stable libration points.
Some calculated results utilizing equations (57) sre presented
in table III, for combinations of initial position and velocity components taken in pairs.

Combinations for which

the opposite sign, and for which

t\q

and

|G

and

have

have the same sign,

are those which result in initially clockwise motion with respect to
the stable libration points.
Several pertinent results are obtained from an examination of
the results in table III.

Residual velocity errors produce relatively

greater maximum excursions than position errors; 1

^ Bea

toabout km
lnS
o B/secln(il

in(Si 18

equivalent
200
1
18 equlval*nt
to about 1*4-50 km in r\o> in terms of producing maximum deviations from
the libration points.

Errors in the components

and (il)
pro°
Vat 4
duce considerably greater maximum deviations than do errors of the same
magnitude in the components

qQ

and

( j , Combinations of initial
\dt/0
conditions \hi^h result in initially clockwise motion relative to the

libration points produce considerably smaller maximum deviations than
those resulting in Initially counterclockwise motion.
For comparison with the error analysis results in the earth-moon
plane given in table III, the excursions in the

z*

direction due to

initial conditions are easily calculated from equations (9 ).
mum excursion in
j
meter/sec of

The maxi

, as obtained from equations (9)> is 3&5 Em per

dz *
---, plus the initial displacement in
dt

z *.

Thus the
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sensitivity of the dispersion 1b
T el o c i t y

z’

to the Initial position and

components in this direction 1® considerably less than the

sensitivities of the in-plane excursions*
Minimisation of the excursion distances of the vehicle from the
libration points primarily involves minimisation of the residual velocity
components j particularly of the component (&*) $ after application of
\&Vq
the deceller&tlon device* the dependence of the excursion distances on
the initial direction of motion relative to the libration paints sug
gests the possibility of use of bias in the nominal amount of decel
erating force- (or incremental velocity) to be applied* to partially
compensate for initial distance component errors* assuming that such
errors will be determinable through a tracking network while the
vehicle is e&roube to the target*
trajectory- Considerations
transfer trajectories for vehicles projected from the earth to the
libration points are very similar to those for vehicles projected from
the earth to the noon*

Except for the difference In the desired target

point* libration point

%

or

1^

instead of the moon* the geometrical

characteristics of the trajectories are almost identical.

This Is the

case because the gravitational attraction of the moor has only m secondorder effect on the geometrical characteristics of earth-moon trajectories*
The studies reported in reference 5 are therefore directly applicable
to considerations for establishing; artificial satellites near the stable
libration point®*
Without prior knowledge of the guidance and control characteristics
of a particular vehicle which might be used for establishing satellites
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at the stable libration points, it is somewhat difficult to discuss
desirable trajectory design factors.

There sire a few general require

ments, however, which can be mentioned*
The accuracy requirements on the guidance system for placing the
vehicle in the vicinity of the libration points sure not particularly severe,
roughly comparable to those required to impact a vehicle somewhere on the
surface of the moon.

On the other hand, alinement of the retro-rocket

thrust axis with the relative velocity vector, as well as control of the
retro-rocket thrust, or velocity increment to be applied, must be quite
accurate.
To illustrate these last points, reference 5 shows that the energy
required to project a vehicle from the earth to the distance of the
moon is slightly greater than 99 percent of the energy required to
escape from the earth*

With this minimum energy, the relative approach

velocity of the vehicle and the target libration point is about
900 meter/sec.

For a practical upper limit of trajectory energy, the

escape energy, the relative approach velocity is about 1^00 meters/sec.
Thus 900 to 1^00 meters/sec is the amount of velocity increment which must
be eliminated by the retro-rocket, preferably with an accuracy less than
1 percent.

If the thrust axis is not precisely alined with the relative

velocity vector, a velocity increment normal to the relative velocity
vector of about 1.6 percent of the total velocity increment per degree
of misalinement will result.

This is a relatively large residual velocity

component (l4 to 22 m/sec per degree misalinement), and could produce
considerable maximum excursions of the vehicle from the libration point,
as indicated by the numbers in table III.

In all probability, the vehicle guidance and control system will
he better able to control the magnitude of the retro-rocket velocity
increment than the particular inertial direction of the thrust axis
required.

In other words, better control and hence smaller residual

velocity components will probably be obtained along the direction of
the relative velocity vector than in the direction normal to the rela
tive velocity vector.
which might be used.

This has some bearing on the type of trajectory
From the restilts shown in reference 5, as applied

to the present problem, the direction of the relative velocity vector
as the vehicle approaches either

14

or

is more or less along

the T^-axis for low or nearly minimum energy trajectories, and along the
|-axis for trajectories with the escape energy or higher.

From the

results of table III residual velocity increments along the Tj-axis are
shown to produce greater excursions than those along the 4-axis.

Hence

it appears desirable to use low energy trajectories, with the relative
velocity vector along the q-axis, allowing the residual velocity
increments due to misalinement of the retro-rocket thrust axis to lie
in the direction of the 4-axis (and the z-axis). This procedure has
two additional advantages:

(
are not as
Uvo
sensitive to the direction of motion about the libration points as are

those due to

The deviations due to

> as s^own in table III; and the low energy tra

jectories do not require as large retro-rocket velocity increments as
the higher energy trajectories, thus reducing both the size of the
retro-rocket and the magnitude of the residual velocity increment due
to a given amount of misalinement.

CONSIBERATIONS REGARDING NATURAL SATELLITES NEAR
THE STABLE LIBRATION POINTS
The existence of the Trojan group of asteroids, consisting of some
13 objects so far discovered in orbit about the stable libration points
of the Sun-Jupiter system, naturally leads to speculation regarding the
existence of objects in orbit about these points in the earth-moon
system*
and

The recent sightings by Dr. Kordylewski, reported in references 3
are the first known observations of objects in the vicinity of the

stable libration points of the earth-moon system.

These objects are

reported to be quite faint, a magnitude or two fainter than the Gegenschein,
and can be observed only under very favorable circumstances.

The recent

sightings were an outcome of many years of searching in the vicinity of
the libration points for single meteoroids, none of which as bright as
magnitude 12 were found.

Instead, two faintly luminous patches have been

sighted, suggesting perhaps a s w a m of tiny particles, none of which
would be observable individually• The luminous patches are described as
being at least 2° in diameter and separated by about 8°.

There are very

few additional details available regarding these sightings.
The purpose of this section is to consider several possible mechanisms
for accumulation of particles in the vicinity of the libration points and,
as far as possible, to attempt to provide some explanation of the facts
reported in the recent observations.

A collision hypothesis, and several

hypotheses for teiaporary accumulation of particles leading to an increase
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in effective density of particles in the vicinity of the libration
points, are considered.
Particles in Captured Orbits
The collision hypothesis leads to particles in quasi-captured orbits
about the libration points.

Although the geometric cross sections of

meteoroids and micrometeoroids which enter the earth-moon system are
small, it is possible that over a very long time period there would be
sufficiently large numbers of collisions of the randomly moving particles
at positions near the libration points to establish a quantity of these
particles in captured orbits.

Such particles which eventually escape

as a result of loosely captured orbits and the perturbation effects
discussed previously might be replaced by additional collisions.

It is

thus conceivable that this process could result In a sufficient quantity
of captured particles to be observable from the earth as a faint cloud.
The reported faintness of the clouds observed in the recent sightings
indicates that the density of the particles in the vicinity of the
libration points need not be many orders of magnitude greater than the
particle density elsewhere in the earth-moon system.

Additional con

siderations to support a collision hypothesis, leading to particles in
captured orbits, is given in a subsequent section.
An interesting property of particles in captured orbits is that this
leads to a qualitative explanation for the observation of two clouds of
particles situated to either side of the libration points as observed
from the earth.

With reference to figure

it is seen that the loops

in the orbit are more or less symmetrically situated on either side of
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the libration point, perpendicular to the line of sight from the earth.
The fact that a particle executes such loops means that it remains in a
unit geocentric angular segment for a longer time •while in the loops
than it does elsewhere in the orbit.

Also, as indicated from the first

integral, equation (28), the relative velocity of the particle is less
when the particle is situated near the rj-axis, as are the loops, than
when it has a larger

<• component,

These considerations indicate that

there will be an effective increase in density of particles, as viewed
from the earth, in the vicinity of the loops,

Since the loops are

situated on either side of the libration points, this should result in
two clouds of particles being observed from the earth.
With respect to the expected observed position of the two clouds
relative to the libration point, the loop© shown in figure k are situated
at an average of about 1° on either side of the point.

The orbit of

figure k, however, is a relatively low energy orbit, as indicated by the
maximum excursion from the libration point.

For the orbit of figure 5,

the loops are all on the left side of the libration point, situated at an
average of about 6° from the libration pjoint.

Other orbits which have been

calculated with Injection energy the same as that of figure 5, but with
injection in other directions, have loops on both side© of the libration
point.

The orbit shown in figure 5 is an example of a rather loosely

captured orbit.

It i© probable that the summation of loops of captured

orbits with energy levels ranging from about that of case I to about that
of case II would result in the two clouds of particles being situated of
the order of 8° apart, as reported in the observations, but the predicted
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angular separation would depend on a number of assumptions and a
.statistical analysis* which is not to "be considered here.
One remark regarding the location of the two clouds is in order here.
On the basis of a number of numerical calculations* especially for the
higher energy or more loosely captured orbits* there are indications that
the clouds may not necessarily be expected to be symmetrically oriented
with respect to the libration points* but rather that the center of the
two clouds might be expected to be displaced somewhat in the direction
away from the moon.

This is a subject for investigation in future

observations.
Other Considerations
A considerable amount of"attention is currently being directed to
explanations of the concentration of dust near the earth* an effect deter
mined from recent rocket* satellite* and apace-probe experiments. Some
of this recent work is discussed by Dr s. F. L. Whipple in references 8
and 9* J. H. Fremlin

in reference 10* D. B. Beard

and S. F. Singer in reference 12.

in reference 11*

These discussions are concerned with

mechanisms which could lead to the dust concentration in the vicinity of
the earth* estimates of the concentration based on such mechanisms* and
comparisons with the experimental results. It is of interest for the
present discussion to consider some of these mechanisms in the different,
but related* problem of accumulation of particles in the vicinity of the
stable libration points.
A small proportion of the meteoroids which encounter the earth-moon
system can be expected to graze the atmosphere of the earth such that
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their energy is reduced sufficiently to be captured by the earth.

Of such

captured particles, some should have sufficient energy to reach one of the
stable libration points.

However, from simple angular momentum considera

tions, it is easily shown that those which have only the minimum energy
required to reach the libration points would still have velocities rela
tive to the points of the order of 800 meters/sec.

On the basis of the

present analysis of motion about the libration points, it would not be
expected that trajectories of particles with a relative velocity of this
magnitude would be noticeably affected in the vicinity of the libration
points.

Several numerical integration calculations have been made which

confirm this expectation.

Thus meteoroids which graze the earth's atmos

phere in all probability do not contribute to the particle population in
the vicinity of the libration points.
In connection with the preceding discussion, Dr. Fremlin in refer
ence 10 suggests that the gravitational field of the moon could distort
the orbits of those particles which have grazed the earth's atmosphere
and cause some of the particles to have long-lived orbits about the earth,
thus contributing to the dust cloud about the earth.

It is physically

possible, by this same process, for the gravitational field of the moon
to alter the angular momentum of these particles in such a manner that
they could approach the libration points with considerably less relative
velocity than the 800 meters/sec mentioned above.

This would lead to the

possibility of the trajectories being affected by the libration points.
However, this process involves a series of low probability events.

Only

a small proportion of the particles encountering the earth-moon system
will graze the atmosphere of the earth in such a manner as to have the
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proper energy {a narrow band near the escape energy) to reach the distance
of the lEoon.

Of these^ only a small proportion will pass sufficiently

close to the moon on the first pass to be affected by the gravitational
field of the moon; if they are not affected by the 33300x1 on the first
pass,, they will impact the earth on next approaching perigee.

Finally,

of those which are affected by the moon, only a small proportion will
be turned through the proper angle, and also remain sufficiently close
to the earth-moon plane, to reach one of the libration points.

Such a

process probably does not significantly contribute to the particle
population in the vicinity of the libration points*
Mechanism for Particles of Lunar Origin
Dr. Whipple, in reference 8, considers several possible explanations
for the dust concentration near the earth.

Of the several possibilities

considered, he discusses as most tenable a lunar origin for the dust,
produced by expulsion of dust and droplets from the moon by meteoritic
crater formation.

Within the range of energies of the particles ejected

in lunar impact explosions, some of the particles would be injected into
orbits about the earth.

The higher concentration of dust near the earth

would arise from convergence of the orbits and drag effects; thus the
hypothesis is advanced as an explanation for the dust concentration near
the earth.
Dr. Whipple1s hypothesis of a lunar origin for dust particles in
orbits about the earth can be directly applied to the present problem of
explanation of the observations of clouds of particles near the stable
libration points.

This mechanism is of Interest from two standpoints:
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a large number of particles in randomly oriented earth orbits (thus with
energies less than the escape energy) provide a reasonable probability
of collisions to support the collision hypothesis discussed earlier; and
particles ejected from the moon in certain energy ranges and with proper
direction could, approach the libration points with sufficiently low rela
tive velocities so that their trajectories would be materially affected
by the libration points, a process to be discussed immediately.
In the present analysis of motion about the stable libration points,
It is found that particles which are in captured orbits about the points
have small velocities relative to the points as compared, for instance,
with the mean velocity of the moon about the earth*

Particles which

approach the libration point© will have their trajectories influenced by
the dynamical properties of the points in proportion to their relative
approach velocities.

While there is no possibility of particles which

approach the libration point© from a large distance being captured in
orbits about the points, except by collision®, there is the definite
possibility that the trajectories of such particles can be significantly
influenced near the points if the relati^/e approach velocity is sufficiently
small*

Since the libration points have the ©ame velocity relative to the

earth as does the moon, a lunar origin for dust particles provides an
interesting mechanism for a source of particle© which can approach the
libration points with small relative velocities,

Particles which are

ejected from the moon with energies somewhat less than the escape energy
from the moon will, at a large distance from the moon, have a small
velocity relative to the moon.

If the direction of ejection of the

particles is such as to direct them to the vicinity of the libration
points, the relative approach velocity to the libration points will thus

6k
aleo be small.

The influence of the region of the libration point on the

trajectories of the particles with small relative approach velocity can
be such as to cause the particles to execute a partial orbit, or loop,
near the libration point before proceeding away.

As seen from the earth,

the temporary alteration of the trajectory in the vicinity of the libra
tion points will result in an effective increase in density of particles
in the vicinity of these points.

Such a mechanism is a possible explana

tion for the recent observations.
Some numerical calculations have been performed to illustrate the
hypothesis discussed above.

The equations of motion of the three-body

problem have been numerically integrated to determine the trajectories
of particles which leave the lunar surface with energies somewhat below
the lunar escape energy and which proceed to the vicinity of the trailing
libration point,

L^.

Two typical trajectories are shown in figure 12.

The trajectories originate at the trailing edge of the moon and are
injected with velocities relative to the moon of 2565.6 m/sec and
2364,8 m/sec, and angles with respect to the earth-moon line of 38*0°
and 3T*5°j measured away from the earth, respectively, for the trajectories
noted as 1 and 2.

Trajectory 1 makes a loop about the libration point

and trajectory 2 makes a loop in the vicinity of the point.
with other energies and 1

M ■■r. directions make larger or smaller loops

situated elsewhere in the vicinity of point
conditions.

Trajectories

L*>, depending on the initial

The transit times from the lunar surface to the point of closest

approach to point

L5

are 22.7 and 20.3 days, respectively, for 1 and 2.

If one assumes a steady stream of particles leaving the moon along
one of the trajectories in figure 12, the relative number of particles in
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any unit distance along the path of the trajectory will be a function
of the velocity of the particles.

In particular, as seen from the earth,

the relative density of particles in a unit geocentric angular segment
will be inversely proportional to the geocentric angular velocity in that
angular se^gsient. Using the trajectories shown in figure 12, and by this
procedure, the relative densities of particles along these trajectories,
as viewed from the earth, have been computed and are presented in fig
ure IJ.

The relative densities have been normalized with respect to the

density of particles in a segment close to the lunar surface.
The relative density plots shown in figure 13 indicate that a lunar
origin for dust particles can result in an accumulation of transient
particles in the vicinity of the libration points.

Although this mech

anism implies a continuous supply of particles, it should be mentioned
that it is possible for particles which have once passed near the libra
tion points to return repeatedly over sufficiently long time periods.
Also, particles injected into earth orbits with proper energy levels,
and which do not approach the libration points on a direct trajectory,
can at a later time pas© in the vicinity and contribute to the particle
density.

The fact that particles with proper energy levels make loops

about or near the libration points, causing an increase In particle
density and causing randomly oriented relative velocity vectors for the
particles, also increases the probability of collisions resulting in cap
tured orbits about the points*

To summarize the preceding discussions, dust particles of lunar
origin, produced as the ejecta from meteoritic impacts on the lunar surface

form the primary basis of a reasonable hypothesis for explanation of the
recent observations of cloud-like objects in the vicinity of the stable
libration points of the earth-moon system.

Trajectories of such

particles with proper energies are shown to execute loops about or in
the vicinity of the libration points, leading to an increase in the
particle density about the points, and to randomly oriented relative
velocity vectors for the particles near the points.

Particles injected

into proper energy earth orbits, but which do not initially approach the
libration points, should also exhibit these properties when they eventually
pass near the points.

The increase in density due to transient particles,

and the random orientation of the relative velocity vector© of such
particles increases the probability of particle collisions which cause
some of the parti^lea to remain in captured orbits about the libration
points.

Such captured particles which eventually escape due to loosely

captured orbits or disturbing perturbations are replaced by additional
captured particles through this same process.
The analysis of the properties of the motion of captured particles
in orbit about the libration points gives a qualitative explanation of
the existence of two clouds of particles, as reported in the observations,
and as discussed earlier.

It is probable that the captured particles

provide a threshold of particle density required for observation and
that the transient particle density supplements this.
Suggestion© for Future Observations
If a considerable proportion of the dust in the earth-moon system is
of lunar origin, and if some of these particles follow more or less direct

67
trajectories to the vicinity of the libration points, as discussed pre
viously, it might be expected that the density of particles near the
libration points would be increased during periods of concentrated
meteoric activity.

Relatively large numbers of meteoritic impacts on the

moon should occur at the same times that meteor showers are experienced
at the earth.

The most dependable and conspicuous annual meteor showers

are the Perse ids with maximum display on August 12, the Or ionids with
maximum on October 20, and the Geminids on December 10.
It was mentioned in connection with figure 12, however, that the
transit times of particles on the illustrated trajectories, from the
lunar surface to the libration points, were more than 20 days.

It Is

therefore suggested that future observations or searches for clouds of
particles near the libration points be intensified a few weeks after
heavy meteor showers, assuming that other conditions are favorable.

An

increase in visual magnitude of the clouds at such times would give some
confirmation of the hypotheses presented earlier for the particle popula
tions neax* the libration points, and at the same time, give credence to
the concept of a lunar origin

for

the dustconcentration near the earth*

It might also be possible, on

the

basis ofsuch observations, to arrive

at some estimates of the amount of material ejected from the moon by
meteoritic impact.
It would also be of interest in future observations, in connection
with the remarks made earlier

with respectto the properties of loosely

captured orbits, to determinethe orientation of the clouds with respect
to the libration points.

As mentioned earlier, indications from some

numerical calculations are that the clouds should not necessarily be
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syaaaetr ieally oriented with respect to the points, but perhaps should
be somewhat displaced in the direction away from the moon.

COHCLUDIKG REMARKS
A first-order analysis of the equations of motion of the restricted
three-body problem leads to an explicit solution for the position and
velocity components of the motion about the stable libration points of
the earth-moon system, and hence to a rather complete determination of
the properties of the motion as a function of the initial conditions.
On comparing the analytical results with numerical integration results,
the comparisons are found to be good even for rather large excursions
from the libration points.
On the basis of the analysis, consideration is given to factors
involved in establishment of artificial satellites about the stable
libration points, and suggestions are given for possible scientific
experiments which might be performed with use of such satellites.
In connection with the present analysis, there are several areas
which appear to be fruitful for further research.

One such area is an

analytical determination of the effects of the solar gravitational field
on the motion about the libration points.

Some additional work on the

hypothesis advanced in explanation of the observation of clouds of
particles in the vicinity of the libration points is desirable, especially
a statistical analysis of the energy ranges of the particles ejected from
the moon, and a statistical analysis of the relative particle densities
near the libration points for a spectrum of captured orbit energies.
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The

70

suggestions made for future observations of the clouds of particles could
lead to some interesting nev information regarding the origin of particles
in the earth-moon system.

APPENDIX

SYMBOLS USED IN THE ANALYSIS
C

a constant

C*

constant defined in equation (23)

Ci to

Cej Jacobi’s constant for surfaces of zero relativevelocity,
see figure 12

e

eccentricity of elliptical orbit

Kn
coefficients used in solution of equations of motion
**n
Li to

Le> denotes libration points, see figure 12

Mn
constants depending on initial conditions, defined In equations (kk)
%
o

subscript denoting initial conditions

P

sidereal period of moon

ri

radius from earth to small body

rg

radius from moon to small body

U

function

V

relative velocity of particle with respect to X, Y, Z coordinate

defined in equation (2 )

system
W

function

defined in equation (19)

W*

function

defined in equation (29)

X,Y,Z

coordinate axes, defined in figure 1

X ’,Y‘,Z*

transformed coordinate axes, defined in figure 3
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x,y,z

denotes position of sms.ll body in X, Y, Z system

x* ,yT,z’ denotes position of small body in X ’; Y 1, Z* system
xg

distance from earth or moon, respectively, to- center of mass
of earth-moon system
coordinates of equilateral triangle libration points

a, p

constants defined in equation (31)

7n

constants defined in equation (39)

8

angle defined In transformat ion of coordinates, see equation (2k)
imaginary constants, defined in equations (36)

An

frequencies defined in equations (i-l)

M

ratio of mass of moon to total mass of earth and moon, taken
1
as -- —
82.^5

t,

q

transformed coordinate axes, defined in figure 3; also denotes
position of small body in this system

Q-p

solar position, measured clockwise from e&rth-mcon line, deg

Og

direction of solar perturbation acceleration, measured clockwise
from X*•axis, deg
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TmtM 1
PROPERTIES Oi* THE E3XIPT1CAL COMPONENTS OF THE MOTION
ABOUT THE STABLE LIBRATION POINTS
Long-period motion

Short-period motion

91*71

28.62

Semiminor axis
(Along |-axis)

1/2
2(M12 + Mj2 )

2(M32 + H52)l/2

Semimajor axis
(Along q~axis)

10.2767( % 2 ♦ Nx2)

Period, days

1/2

0.

Eccentricity

i*.0668(M32

+ H32)1^2

0.8709

Notes:
(1)

The

2%

and

Mn

are defined in terms of the initial conditions

in equations (44).
(2)

The semiaxes are expressed as a fraction of the earth-moon
distance (384,1*03 to)*
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table

COMPARISON

n

of r e s u l t s predicted b y f i r s t integral w i t h

RESULTS OF NUMERICAL INTEGRATION (CASE I)

V, calculated from
equation (28)

V, determined from
numerical
Integration

nondim.

meter/sec

nondim.

meter/sec

Time,
days

1

16.70

-0.009958

0.031260

0.018173

18.60

0.017415

17.82

23.38

-.000418

.04^404

.008097

8.28

.008001

8.19

57.89

.011470

-.018060

.020223

20.69

.020421

20.89

66.79

-.000633

-.043775

.007892

8.07

.007965

8.15

82.38

-.001413

-.010484

,004229

4.33

.004177

4,27

90.17

-.001100

-.013023

.004324

4. 4s

.004251

4.33

142.49

.012356

-.000171

.021514

22.01

.021433

21.93

n
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TABLE III

INITIAL CONDITION ERROR ANALYSIS

Initial conditions

■ ( a ■“
lG, ^

Maximum excursion, km

same sign

and
Ut/0

1

0

0

1,827

6,551
19,659
65,528

3

5,1+82
18,271

0
1

22,812
6 8 ,7 1 0

0
1

1,219
6,016
9,701
22,191

15,907
22,158
35,566
81,135

1 6 ,8 8 0

63,610
70,191

0
1
3

) =0
= (:'&
at/o
(— } , meter/sec
W o
0
1

3
10
100

0
1

and

dt/o

3
10

811
983
1,637
17,127

3 ,1 8 2
3 ,3 6 9
1 6 ,1 7 6
6 2 ,3 1 6

1,219
2,393

15,907
9,356
3,752

5,182

1,262
11.052
1 6 ,8 8 0

15.053
11,398
1,999
and

(&)

Ut/C

1 9 ,6 2 1

63,610
57,088
13,981
5 ,0 0 9

opp. sign

^max

Rmax

0
627
1 ,8 8 0
6 ,2 6 9

0
1 ,8 2 6
5 ,1 8 2

0
1 ,8 2 6
5 ,1 8 2

18,273

0
627
1 ,8 8 0
6 ,2 6 9

129
1 ,6 9 8

29

129

656

1,955

5,353

1,910

5 ,6 1 0
1 8 ,1 0 1

181

0
1

same sign

1 8 ,2 7 1

6 ,5 5 1
1 9 ,6 5 9
6 5 ,5 2 8

Rmax

0
1

3

8 3 ,2 9 9
1 2 9 ,1 6 7

0

0
1 ,8 2 7

^max

10

10
2 ,0 0 0

18,707
22,361
35,151

29
597
1,851
6 ,2 l0

3
500

9,731

6 ,3 2 6

10

0

3 ,1 8 2

19,116

3

n0' 1011

811
2,671

10

10
2,000

opp. sign

Hmax

10

3
500

and

, meter/sec

0

100

1°

ll5
1,735
6 ,1 2 l

1 8 ,1 1 1

659
1,187
1,812
17,631

6 ,2 9 8

ll5
772

18,273

639
2,165

2 ,0 2 6
6 ,111

6 ,1 2 1
1 8 ,9 1 2

2,561
1,387
8,0l3
20,831

582

2,561

582

577
1,299
5,687

2 ,0 0 1
2 ,9 2 1

1,209

15,712

6,851

2 ,1 6 2

n
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Figure 2.- Sketch of surfaces of zero relative velocity for the earth-moon
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Initial conditions
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Angles are measured clockwise from
the earth-moon line, or line
parallel to this
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